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In this paper, nine new Legendre wavelet estimators of functions
having bounded third and fourth derivatives have been obtained.These estimators
are new and best approximation in wavelet analysis. Legendre wavelet estimator
of a function f of bounded higher order derivatives is better and sharper than the
estimator of a function f of bounded less order derivative.
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1 Introduction
Several researchers have determined the approximation of a functions by
trigonometric polynomials in Fourier analysis. In Fourier analysis, a function
can be represented generally in one Fourier series. In wavelet analysis, a function
can be expanded in many wavelet series corresponding to different wavelets. This is an
advantage of wavelet analysis. There is no such advantage in Fourier analysis.Thus
a signal can be represented by several wavelet series. Hence Wavelet Analysis is
superior to Fourier analysis and has so many applications in Engineering and
Technology. The Wavelet approximation of a functions by its Haar wavelet series
and related approximations have been studied by Devore[7], Debnath[5], Meyer[9] ,
Morlet[3], Mhaskar[2], Sablonnie`re[6] and Lal & Kumar[8]. The purpose of this paper
is to discuss the Legendre wavelet series of function having bounded third and fourth
derivatives, i.e. 0 ≤ |f ′′′(x)| < ∞ ∀x ∈ [0, 1] and 0 ≤ |f iv(x)| < ∞ ∀x ∈ [0, 1]
and to obtain Legendre wavelet estimators of these functions. This is a significant
observation of this research paper that estimate of a function is better and the sharper
than the estimate having less order bounded derivative.Therefore comparison of
estimated approximations has very importance in Wavelet analysis.
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2 Definitions and Preliminaries
2.1 Legendre Wavelet
Wavelets constitute a family of functions constructed from dilation and








, a 6= 0.
If we restrict the values of dilation and translation parameter to a = a−n0 ,
b = mb0a0
−n, a0 > 1, b0 > 0 respectively, the following family of discrete wavelets
are constructed:
ψn,m(x) = |a0|n2 ψ(an0x−mb0)






kx− nˆ), nˆ− 1
2k
≤ x < nˆ+ 1
2k
0 , otherwise,
where n = 1, 2, ..., 2k−1 and m = 0, 1, 2, 3, ..., nˆ = 2n − 1 and k is the positive
integer. In this definition,the polynomials Pm are Legendre Polynomials of degree m
over the interval [-1,1] defined as follows:
P0(x) = 1, P1(x) = x
(m+ 1)Pm+1(x) = (2m+ 1)xPm(x)−mPm−1(x) , m = 1, 2, 3, ...
The set of {Pm(x) : m = 1, 2, 3, ...} in the Hilbert space L2[−1, 1] is a










for m, n = 0, 1, 2, 3...
Furthermore, the set of wavelets ψn,m makes an orthonormal basis in L2[0, 1),i.e.∫ 1
0
ψn,m(x)ψn′m′ (x)dx = δn,n′ δm,m′
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Tψ(x) in which C and ψ(x) are
2k−1(M + 1) vectors of the form
CT = [c1,0, c1,1, ...c1,M , c2,0, c2,1, ...c2,M , ..., c2k−1,0, ...c2k−1,M ]
and
ψ(x) = [ψ1,0, ψ1,1, ...ψ1,M , ψ2,0, ψ2,1, ...ψ2,M , ..., ψ2k−1,0, ...ψ2k−1,M ]
T
2.2 Legendre Wavelet Approximation













The Legendre wavelet approximationE2k−1,M (f) of a function f ∈ L2[0, 1) by (2k−1,M)th
partial sums S2k−1,M (f) of its Legendre Wavelet series is given by









If E2k−1,M (f) → 0 as k → ∞, M → ∞. then E2k−1,M (f) is called the best
approximation of f of order (2k−1,M) (Zygmund[1],pp.115)
3 Example
Express the following function in the Legendre wavelet series :
f(t) = t3 ∀t ∈ [0, 1)
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(nˆ3 + v3 + 3nˆ2v + 3nˆv2)P3(v)dv
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In this paper, we prove following new theorems:
Theorem (4.1)
Let a function f ∈ L2[0, 1) such that its third derivative be bounded ,i.e. 0 ≤ |f ′′′(x)| <
∞ ∀ x ∈ [0, 1). Then the Legendre wavelet approximations of f satisfy :
(i)E
(1)






















































 12 = O( 1






If a function f ∈ L2[0, 1) having bounded fourth derivative ,i.e. 0 ≤ |f iv(x)| <
∞ ∀ x ∈ [0, 1). Then its Legendre wavelet approximations are given by
(i)E
(5)
































































 12 = O( 1




, ∀M ≥ 3.
5 Proofs
5.1 Proof of the Theorem (4.1)














































































































































































































































































































































































































































































































































































































































































































































































































































































= I1 + I2 + I3 − I4 + I5 + I6 − I7 + I8 − I9, say.
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Therefore,
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(f(x))2dx− c2n,0 − c2n,1. (5.4)
Now, consider






























































































































































































































































































































































































































































































































































































































































































































































































































































































2(2m+ 3)Pm+1(t)− (2m+ 5)Pm−1(t)− (2m+ 1)Pm+3(t)


















2(2m− 1)Pm−1(t)− (2m+ 1)Pm−3(t)− (2m− 3)Pm+1(t)




τ1(t) = 2(2m+ 3)Pm+1(t)− (2m+ 5)Pm−1(t)− (2m+ 1)Pm+3(t)










































(2m+ 1)(2m+ 3)(2m+ 5)
 1∫
−1









(2m+ 1)(2m− 1)(2m− 3)
 1∫
−1




























































4(2m+ 3)2P 2m+1(t) + (2m+ 5)
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= 2
[


























































































































c2n,m, by orthogonality property of ψn,m
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(2M − 3) 52 23k
)
, M ≥ 2.
5.2 Proof of the Theorem(4.2)
(i) The error e∗(0)n (x) between f(x) and its expression over any subinterval is
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Since
























(ii) The error e∗(1)n (x) between f(x) and its expression over any subinterval is
defined as

















































































































































































































































































(iii) The error e∗(2)n (x) between f(x) and its expression over any subinterval is
defined as





















(f(x))2dx− c2n,0 − c2n,1 − c2n,2.
Now,














































































































































































(iv) The error e∗(3)n (x) between f(x) and its expression over any subinterval is
defined as
e∗(3)n (x) = cn,0ψn,0(x) + cn,1ψn,1(x) + cn,2ψn,2(x) + cn,3ψn,3(x) − f(x) ,





, n = 1, 2, 3, ...2k−1



































































































































































































































































































(2m− 7)4 , (∵ |f
iv(x)| ≤M2 ∀ x ∈ [0, 1)).
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Next,











































, ∀M ≥ 3.
6 Conclusions
(1) After discussing the Legendre wavelet approximation of a function f with bounded
third and fourth derivatives ,it is trivial to find out the wavelet estimators of a function
f of bounded first and second derivatives .





















)→ 0 as k →∞
(iv)E
(4)



































)→ 0 as k →∞
(ix)E
(9)




























2k−1,M (f) are best possible Legendre wavelet approximation in Wavelet
Analysis.
(3)Legendre wavelet estimators of a function f with bounded fourth order derivative is
better and sharper than the estimator of a function f of bounded third order derivative.
(4) Legendre wavelet estimator of a function f of bounded higher order derivatives is
better and sharper than the estimator of a function f of bounded less order derivatives.
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